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Class invariants for tame Galois algebras
van Andrea Siviero
In the following propositions G denotes a finite group, K an algebraic number field and OK its
rings of integers. With the term G-Galois K-algebra we refer to a Galois algebra over K with
Galois group G.
1. Let AtG(K) denote the set of isomorphism classes of tame G-Galois K-algebras and let
us consider the locally free class group Cl(OK [G]). We define a map
R : AtG(K) −→ Cl(OK [G])
which sends a class [L] ∈ AtG(K) to the class of Cl(OK [G]) with representative given by
the ring of integers OL.
For every abelian G, the set AtG(K) has a natural group structure. If K equals Q
(√−26)
and G is the cyclic group of order 2, then R is not a group homomorphism.
2. The set R(OK [G]) of realizable classes is defined as the image of R.
If G is abelian, then the set R(OK [G]) is equal to the Stickelberger subgroup St(OK [G])
of Cl(OK [G]). [L. McCulloh, Chapter 2 - Theorem B]
When G is not abelian, we just know that R(OK [G]) ⊆ St(OK [G]) [L. McCulloh, Chap-
ter 2 - Theorem A], while the question if R(OK [G]) is a subgroup of Cl(OK [G]) is still
open.
3. Let Cl◦(OK [G]) be the kernel of the group homomorphism Cl(OK [G]) −→ Cl(OK), in-
duced by the augmentation map OK [G] −→ OK .
For every number field K and finite group G, we have St(OK [G]) ⊆ Cl◦(OK [G]).
The reverse inclusion Cl◦(OK [G]) ⊆ St(OK [G]) does not hold in general. Indeed, if
K = Q and G is a cyclic group of order 23, we have St(OK [G]) ( Cl◦(OK [G]). [Chapter
3 - Section 3.1]
4. Let L be a number field containing K. The homomorphism
NL/K : Cl(OL[G]) −→ Cl(OK [G]),
induced by base field restriction, restricts to a homomorphism St(OL[G]) −→ St(OK [G]).
[Chapter 4 - Theorem 4.1.2]
5. For every number field K and abelian tame G-Galois algebra L/K, the ring of integers
OL is a free Z[G]-module.
The same is true if instead of an abelian group G we consider Dp, a dihedral group of
order 2p, with p a prime number bigger than 2. [Chapter 4 - Corollaries 4.2.3 - 4.2.4]
6. Let G be abelian and p a finite prime of K. The images under R of the tame G-Galois
K-algebras totally split at p are equidistributed among the group of realizable classes
Rts,p(OK [G]). [Chapter 5 - Corollary 5.2.13]
7. Let us consider an order Λ in an algebraic number field K and let M be a Λ-module of
finite cardinality. Given a prime ideal p of Λ, let S(M) denote the number of submodules
of M killed by p and let Q(M) denote the number of quotient modules of M killed by p.
Then Λ = OK if and only if, for every M as above, S(M) = Q(M).
8. A rugby team, after having scored a try (5 points), gets to attempt a conversion to
increase its score by 2 points. A conversion is a kick taken at any point on the field of
play in line with the point where the ball was grounded for the try, and parallel to the
touch-lines (the sidelines of a rugby field). For having a succesful conversion the kicker
has to kick the ball over the crossbar and between the uprights of the goal posts, which
are 5.6 meters apart.
The locus of optimal points from which to make a conversion attempt in rugby forms the
right-angled hyperbola
x2 − y2 = (14/5)2.
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